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Teachers’ Mathematical Knowledge, Perceptions about Mathematics 
Teaching and Learning, and Professional Qualifications:   

Impact on Students’ Mathematics Achievement 
 

Rationale 

For educators and officials who shape professional development and school staffing 

policies, a fundamental question about teacher knowledge is whether and how it affects student 

learning. There is a logical premise that teacher knowledge should directly and positively affect 

teachers’ classroom practice and subsequently student achievement, but, with the exception of 

studies of high school mathematics teachers (e.g., Monk & King, 1994; Rice 2003), research-

based evidence is inconsistent. In part, this inconsistency occurs because prior tests of teacher 

knowledge may not address the understandings that teachers need to call upon or apply when 

planning and teaching. Furthermore, it is becoming increasingly evident that teachers’ beliefs 

and perceptions influence teachers’ pedagogical decisions (Beswick, 2007; Bray, 2011). 

Recognizing this, this investigation was designed to provide policymakers, administrators, and 

school leaders with a better understanding of whether and how teachers’ knowledge of 

mathematical content and pedagogy, as well as their perceptions about mathematics teaching 

and learning, relate to student achievement. 

The study presented in this report examined the relationship between upper-elementary 

(grades 4 – 5) and middle-grades (grades 6 – 8) mathematics teacher professional 

characteristics, teacher knowledge, teacher perceptions, and student achievement. It targeted 

mathematics teachers in their first six years of teaching, across grades 4 through 8 in Delaware, 

Maryland, and Pennsylvania, accessing their students’ achievement data as drawn from these 

states’ standardized assessments. The research question addressed in this study is: What is 

the relationship between teachers' mathematical and pedagogical knowledge, teachers’ 

perceptions, and their students' achievement, controlling for student demographics, teaching 

experience, and teaching assignment? 

This study assumed the theoretical position that teachers’ professional background, 

knowledge, beliefs, and perceptions potentially interact and subsequently impact instructional 

practice, thus influencing student achievement. However, this study did not directly measure 

teaching practices, so it does not address how teacher knowledge and perceptions are 

translated into instructional practice within classrooms. As such, this study is designed only to 

inform professional development and teacher education, while serving as an exemplar of how 

research may inform educational policy decisions. 
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Teacher Knowledge 

This study limited its measure of teacher knowledge to what might influence student 

achievement in mathematics as assessed on high-stakes, standardized state tests in Delaware, 

Maryland, and Delaware. Therefore, this study’s measures of teacher mathematical content and 

pedagogical knowledge were only designed to address understandings associated with 

teaching the grade 4-8 school mathematics upon which students in those three states are 

assessed and the understandings a teacher may draw on to teach that content. No claim is 

made that this study’s teacher-knowledge frameworks or its measures are exhaustive. 

An underlying assumption in this study was that mathematical and pedagogical content 

knowledge are distinct, yet possibly linked (Ball, Lubienski, & Mewborn, 2001). In order to 

distinguish pedagogical content knowledge and mathematical content knowledge empirically 

and to categorize teacher-knowledge assessment items accordingly, definitions of mathematical 

content knowledge and pedagogical content knowledge were established. 

Mathematical Content Knowledge 

This study defined mathematical content knowledge as knowledge related to or 

underlying the school mathematics content assessed at grades 4–8. This content could also be 

taught in later grades. For example, the mathematics referenced in the items assessing the 

content knowledge of upper-elementary teachers from grades 4 and 5 could be held by or 

taught to secondary school students. Mathematical content knowledge includes knowledge of 

mathematical facts and procedures as well as knowledge of mathematical concepts and 

generalizations. This includes what has been termed “common content knowledge” and 

“specialized content knowledge” for mathematics (Ball, Thames, & Phelps, 2008, pp. 399-400).  

To reference use of this definition of mathematical content knowledge, this report uses the 

acronym CK. 

To focus the range of mathematical content being assessed, this study specified a 

framework for the mathematical knowledge of teachers teaching students in grades 4-5 and a 

completely separate framework for teachers teaching mathematics to students in grades 6-8. As 

a first step, the expectations for teachers’ CK as offered by educational leaders, professional 

organizations, and professional licensure standards were identified. These expectations were 

then compared to those student-mathematics objectives that were assessed in Pennsylvania, 

Maryland, and Delaware. Only those teacher expectations that were associated with topics 

identified for each state’s mathematics achievement tests were selected; the remaining 

expectations were dropped. After the frameworks were determined, assessment items were 

defined to measure teachers’ CK of the content listed in those frameworks.   
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Pedagogical Content Knowledge 

This study defined pedagogical content knowledge for mathematics as knowledge of 

mathematics teaching and learning that teachers might draw on or use in instructional practice 

when teaching the mathematics content assessed on high-stakes state assessments, but not 

knowledge that is typically taught to more advanced pre-college students. To denote use of this 

definition, this report uses the acronym PCK. In this study, assessed teacher PCK included 

knowledge of students’ understanding of or thinking about mathematics, knowledge of 

trajectories for teaching key mathematical topics, knowledge of emergent interpretations of 

mathematics in student work, and knowledge of how to respond to students' interpretations of 

mathematical content. This included what has been termed “knowledge of content and 

students,” “knowledge of content and teaching,” (Ball, Thames & Phelps, 2008, p. 401) and 

“knowledge of content and curriculum” (p. 403). 

In mathematics education, domains characterize components of pedagogical content 

knowledge (Ball, Lubienski, & Mewborn, 2001). This study’s identified elements of domains for 

PCK were: common student errors and misconceptions (Domain 1), mathematical 

representations and contexts (Domain 2), sense of order for mathematical content (Domain 3), 

and addressing and understanding students’ interpretations of mathematics (Domain 4).  

Teacher Perception: Beliefs and Awareness 

In addition to the items measuring teachers’ knowledge, this study developed Likert-type 

survey items to characterize teachers’ beliefs about mathematics teaching and learning in terms 

of teachers’ perspectives regarding intended focus of mathematics classroom instruction, how 

instruction should be ordered and organized, how students learn mathematics best, and the 

roles of students and the roles of teachers in the mathematics classroom. However, students’ 

mathematical dispositions may play a critical role in schooling (Boaler & Greeno, 2000; Martin, 

2000). Thus, as an initial step, in addition to measuring teachers beliefs about the teaching and 

learning of mathematics, this investigation sought to measure the extent to which teachers 

claimed to have an awareness of and to determine the nature of their students’ mathematical 

dispositions along three dimensions: their students’ perspectives regarding the importance of 

mathematics, their students’ motivation for engaging in mathematical tasks, and their students’ 

self-perceptions of mathematical ability.   

Teaching Experience 

Teaching experience may be associated with teacher knowledge and may impact 

student achievement, but it is not evenly distributed across the population of practicing teachers 

(Nye, Konstantopoulos & Hedges, 2004; Rivkin, Hanushek, & Kain, 2005). In addition, attrition 
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in the teaching force is less prevalent among more veteran teachers, as many teachers who 

leave the profession do so within approximately 5 years (Ingersoll, 2001). Thus, from a policy 

perspective, it is useful to investigate the relationship between student mathematics 

achievement and the knowledge and perceptions of less-experienced teachers. Investigations 

accessing only early-career teachers may yield information informing the design of professional 

development and of on-site support that addresses their needs, thereby increasing retention. 

For these reasons, this study limited its sample to teachers who had 6 or fewer years of 

teaching experience.  

Methodology 

Subjects 

The research team sought the cooperation of school districts in Delaware, Maryland, and 

Pennsylvania, seeking anonymous, individual, student achievement and demographic data 

linked to volunteer teachers. Because data characterizing teachers’ knowledge and perceptions 

could only come from direct measures, once cooperating districts were identified, the research 

team sought the participation of teachers within those districts. 

As a first step, school districts across the three states were characterized in terms of 

student enrollment, distribution of student race-ethnicity, proportion of students accessing free-

and-reduced meals, and geographic locale. Then a sorting of districts within states was 

completed to yield listings, each identifying school districts within a state that were comparable 

in terms of their student demographics. A proposal requesting school district cooperation in this 

research effort was subsequently submitted to at least one school district in each listing, 

attending to geographic locale within a state when selecting these “initial contact” school 

districts in a listing. If a district did not agree to participate, another district in that listing was 

contacted until a sample of school districts crossing socio-economic and geographic strata in 

each of the three states was acquired. Proposals were submitted to 47 districts, and, of these, 

23 districts agreed to participate. This study recognizes the professional commitment and 

cooperation of the cooperating districts, as compiling the teacher-linked student data for this 

study was not a trivial endeavor. 

The subjects of this study were the 266 upper-elementary and 193 middle-grades, early-

career teachers of mathematics who volunteered to participate in the study. Teachers were 

solicited through a project-designed, electronic flyer distributed by cooperating school districts.  

Teachers interested in participating in the study registered through a secure website identified 

on the flyer. A maximum number of teacher participants was set for each district in order to 

maintain a state-level demographic distribution over districts. If, in a district, more teachers 
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applied than were needed, the applicants were categorized by their grade band (grades 4-5 or 

6-8) and then, within grade band, by their number of years of teaching experience. The 

selection procedure then employed a first-applied, first-selected criterion within each grade 

band/experience category. Thus, while the process of selecting school districts manifested an 

effort to secure representative, demographic variance, the final determination of school districts 

and of teachers in this study was not random.  

A concern at the time of study conceptualization was that only those teachers who 

enjoyed mathematics or who were confident in their mathematical ability would volunteer to 

complete an assessment addressing mathematics content and pedagogy. To encourage 

participation, teachers were paid $350 for completion of tests of teacher knowledge, as well as 

surveys of teachers’ perceptions (beliefs and awareness), of professional background, and of 

instructional assignment. The 120 teacher-knowledge items were arranged within five test 

booklets, each containing 24 items. The test booklets and surveys were administered in an 

alternating fashion during a single, non-school day at a local, non-school site. The stipend was 

set to act as an incentive, attracting teachers with varying levels of mathematical confidence. 

However, the stipend did result in a few school districts declining to participate in the study 

because of a policy prohibiting cooperation with any effort that paid teachers a stipend. While 

the analysis that follows applied statistical models addressing not only student demographics 

but also teacher experience and assignment, the limitation associated with non-random 

selection of teachers is acknowledged. 

The cooperating school districts were unable to locate student data for 16 teachers (7 

upper-elementary and 9 middle-grades teachers). Thus this analysis examines the teacher 

knowledge and perception data of 259 upper-elementary and 184 middle-grades teachers from 

23 school districts across three states.  The demographics, prior professional experience, and 

backgrounds of these early-career teachers are noted in Table 1, along with some additional 

characterization of their teaching assignment and school district location.  

Data Sources 

Student data. Table 2 presents the demographics of the students to whom these 

cooperating teachers taught mathematics and for whom their school district forwarded individual 

mathematics achievement scores. Only data associated with students who completed their 

state’s “regular” high-stakes, mathematics achievement test as required under the No Child Left 

Behind federal regulation (2002) are included. In those cases where more than one teacher 

taught a student, in order to clarify primary responsibility for mathematics instruction, 

researchers communicated directly with school-district personnel and with teachers. These 
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Table 1:  Demographics and Professional Context of Participating Teachers  

 Grade 4 or 5 Grades 6, 7 or 8 
Characterizations of Teachers (n = 259) (n = 184) 
Gender (%)   

Female 86.9 78.3 
Race-Ethnicity (%)   

White 80.7 75.0 
Black/African American 13.9 17.9 
Hispanic 2.3 1.6 
Asian, Asian-American, or Pacific Islander 1.2 3.8 
Others (Native American or Multi-racial) 1.9 1.6 

Certification/Highest Degree Earned (%)   
Not Certified 6.2 8.7 
Certified, Only Holding a Bachelor’s Degree 49.0 49.5 
Certified, and Subsequent Master’s Degree 20.9 17.9 
Certified Through a Master’s Degree Program 23.9 23.9 

Mean Number (SD) of Mathematics/Mathematics Education Courses   
Mathematics Courses 2.4 (1.3) 5.2 (3.9) 
Mathematics Education Courses 1.0 (.8) 1.2 (1.1) 

Mean (SD) Years of Teaching Experience 3.4 (1.6) 3.7 (1.7) 
School District Location (%)   

Large City 37.8 35.9 
Suburb 31.3 30.4 
Mid-size or Small City 21.2 20.1 
Small Town or Rural 9.7 13.6 

Special Education Certification (%) 16.6 20.1 
Secondary Mathematics Certification (%) --- 53.8 
Only Taught Students in Grade 6 (%) --- 26.6 
Only Taught Mathematics (%) 6.6 70.7 
Taught Some Students an Above-Grade Mathematics Curriculum (%) 32.0 65.8 

 

communications maintained student anonymity through use of numerically coded identifiers. 

Teacher-knowledge assessments. The mathematical topics in the most recent  

description of each state’s mandated assessments for students were remarkably similar, 

sharing the distribution released for the National Assessment of Educational Progress and 

Trends In International Mathematics and Science Study assessments at the fourth- and eighth-

grade.  Because the intent was for teachers to complete all assessment and survey instruments 

in a single day, each teacher-knowledge assessment was limited to 120 multiple-choice items 

(80 CK and 40 PCK items).  

CK Items. The teachers’ CK items for a grade band (grades 4-5 or grades 6-8) each 

addressed mathematics topics listed in the framework identifying states’ shared student 
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Table 2:  Demographics of Students Taught Mathematics by Participating Teachers 

 Grades 4 or 5 Grades 6, 7 or 8 

Characteristics of Students (n = 6,413) (n = 10,890) 

Gender (%)   
Female 49.8 49.9 

Race-Ethnicity (%)   
White 35.0 37.9 
Black/African American 45.5 45.3 
Hispanic 15.0 11.2 
Asian, Asian American or Pacific Islander 3.7 5.3 
Others (Native American or Multi-racial) .8 .3 

Special Education Students (%) 14.5 11.6 
English Language Learners (%) 5.1 3.4 
Students with Poverty Indicatora (%) 56.8 55.1 
aIn one district, only school-level data for free-and-reduced meals are available. 

mathematics content standards. However, the mathematical understandings measured through 

those items were not expectations presumed of students. Rather the CK items measured 

teachers’ deep understandings of the mathematics specified in the framework. 

For example, as defined by their state curricula, eighth-grade mathematics teachers in 

each of the three states were expected to teach students about characteristics of linear 

functions, addressing slope as well as a linear function’s symbolic form and graphical 

representation and orientation. This instruction addresses how a linear function’s graph and 

algebraic definition convey whether that linear function is increasing or decreasing over an 

interval, the relative steepness of its slope, and function values for a given value of x. But no 

item measuring only that content was included on the assessment of middle-grades teachers’ 

CK, as that understanding was presumed. However, as indicated in the first sample CK item in 

Figure 1, there was an item for middle-grades teachers that asked teachers to contrast linear, 

quadratic, and exponential functions. This is knowledge mathematically related to the linear 

function content in the states’ middle-grades student standards and assessments. 

The distribution of the 80 CK items over the six mathematical topics reflected the 

distributions in the shared student objectives of each grade band. To ensure a range of difficulty 

and complexity in the CK items for teachers, an intended item distribution reflecting three of 

Webb’s levels of “depth of knowledge” (2002) was specified. As defined by Webb, Recall items 

(Level 1) presume direct knowledge of a fact, definition, term, or a simple procedure as well as 

skill in performing a simple algorithm or applying a formula. Skill/concept items (Level 2) involve 

more than the recall of a habituated response as these items may require the solver to make a 

decision, to recognize the need to organize information, to apply a procedure or definition in an 
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CK Item for Middle-grades Teachers (Level 3; Patterns, Functions and Algebra) 
Consider the following functions: 
f(x) = 2x       g(x) = x2          h(x) = 2x 
What can be said of the graphs of the functions, f, g, and h? 
  

A. For x > 0, all three functions are increasing with h(x) increasing at the greatest rate. For x < 0, only f(x) has 
negative values. 

  

B. For x > 0, all three functions are increasing with h(x) and g(x) increasing at the same rate. For x < 0 only f(x) 
has negative values. 

  

C. For all real numbers, x, all three functions are always increasing with h(x) increasing at the greatest rate. For x < 
0 both h(x) and f(x) have negative values. 

  

D. For all real numbers, x, all three functions are always increasing with h(x) and g(x) increasing at the same rate.  
For  x < 0, both h(x) and f(x) have negative values. 
 

CK Item for Upper-elementary Teachers (Level 2; Data Analysis) 
Two students from the same class moved out of state.  Those students’ scores in mathematics were equal to the 
class mean.  How does their leaving affect the distribution of class mathematics scores? 
  

A. The mean decreases, but the range of scores stays the same.  
  

B. The mean does not change, but the range of scores decreases. 
  

C. The mean stays the same, and the range of scores stays the same. 
  

D. It cannot be determined whether the mean changes, but the range of scores stays the same. 
 

PCK Item for Middle-grades Teachers (Domain 1; Number and Operations) 
Mr. Croninger’s sixth-grade class is working on the word problem below.  

If it takes 3 painters 5 hours to paint the bedrooms and living room in a house, how long would it take 6 
painters to paint those same bedrooms and the living room? (Assume all painters are equally skilled.)  

What is (are) common misconception(s) held by students that lead to error when solving a problem such as this? 
  

 I. Setting up a direct proportion of painters to hours 
   

 II. Treating this as an additive increase (3 more painters means 3 more hours) 
   

 III. Finding the rate of painters per hour (3/5) and multiplying by 6 painters 
  

A. I only 
  

B. II only 
  

C. I and II only 
  

D. II and III only 
 

PCK Item for Upper-elementary Teachers (Domain 3; Measurement) 
Students in the upper-elementary grades learn to compute the area of parallelograms, rectangles, trapezoids, and 
triangles. In which order should students consider the area of shapes so that they can derive the formulas and see 
their connections?   
  

A. rectangle, parallelogram, triangle, trapezoid 
  

B. triangle, rectangle, parallelogram, trapezoid 
  

C. rectangle, trapezoid, triangle, parallelogram 
  

D. triangle, rectangle, trapezoid, parallelogram 
 

Figure 1:  Sample CK and PCK items from the teacher knowledge instrument 
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unfamiliar setting, or to solve a multi-step problem. Strategic thinking items (Level 3) require 

reasoning, relating ideas, making connections, drawing conclusions, using concepts, and/or 

offering explanations of thinking. 

Released teacher-knowledge items were coded by objective and depth of knowledge 

and then modified to fit a multiple-choice format. Then additional multiple-choice, mathematics-

content items were written to yield at least twice as many items as needed for the upper-

elementary and the middle-grades teacher assessments. After the research team screened and 

edited all items, subsets of items was sent to two mathematics educators and one 

mathematician for external vetting, from a pool of seven mathematics educators and five 

mathematicians.   

Following receipt of these external reviews, the project team modified content items to 

yield a set of over 320 items. These items were clustered into one of eight, topic-related subsets 

for piloting (addressing number and operations, geometry and measurement, data analysis and 

probability, or patterns, functions and algebra as designed for teachers of grade 4 and 5 or for 

teachers of grades 6, 7, and 8). Subsequently, 29 to 34 teachers from a pool of 97 in-service 

and 17 pre-service teachers completed each of these subtests.  Following completion of 

classical test theory procedures (reliability, item difficulty, distracter analysis, point-biserial 

correlation), two collections of 80 CK items were finalized, one for upper-elementary teachers 

and one for middle-grades teachers. The final CK assessments for both the upper-elementary 

and middle-grades teachers consisted of 25 Level 1 (Recall) items, 40 Level 2 (Skill/Concept) 

items, and 15 Level 3 (Strategic Thinking) items. Refer to Figure 1 for sample CK items 

identified by Webb level and topic. 

PCK Items.  A literature review located some open-ended, released PCK items. 

Additional multiple-choice PCK items reflecting well-established principles for practice or 

documented research and addressing the teaching of mathematical content identified for a 

given grade band were developed, screened, and edited by the research team. Then sets of 

items designed for either upper-elementary and for middle-grades teachers were each sent to 

three mathematics educators and one school-district mathematics supervisor for external 

vetting, from a pool of six mathematics educators and two mathematics supervisors. 

 Accessing all reviews, 42 upper-elementary and 43 middle-grades PCK items were 

revised prior to pilot testing by 72 practicing teachers. These items were then subjected to 

classical test theory procedures yielding two collections of 40 PCK items, one for administration 

to upper-elementary teachers and one for administration to teachers of middle-grades 

mathematics. The final PCK assessment for the upper-elementary teachers consisted of 16 
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Domain 1 items (Common Student Errors and Misconceptions), 5 Domain 2 items 

(Mathematical Representations and Contexts), 5 Domain 3 items (Sense of Order for 

Mathematical Content), and 14 Domain 4 items (Addressing and Understanding Students’ 

Interpretations of Mathematics). The final PCK assessment for the middle-grades teachers 

consisted of 16 Domain 1 items, 5 Domain 2 items, 4 Domain 3 items, and 15 Domain 4 items. 

Refer to Figure 1 for sample PCK items identified by Domain and mathematical topic. 

Item response theory (IRT) scaling. Following test administration, exploratory factor 

analysis was performed to examine the reliability of the upper-elementary and the middle-

grades teacher knowledge instruments and to determine whether subsets of items tapped into a 

single underlying knowledge construct. This analysis verified that each instrument was 

separately assessing two different dimensions of teacher knowledge: CK and PCK.   

The IRT analyses identified two inconsistent items: one Domain 3 Number and 
Operations item in the upper-elementary CK assessment and one Domain 1 Geometry item in 

the middle-grades CK assessment. These items were removed prior to determining the upper-

elementary and the middle-grades teachers’ IRT-scaled CK scores, IRT-scaled PCK scores, 

and IRT-scaled total teacher knowledge scores (scores across 119 CK and PCK items). The 

individual teacher scores are expressed in standard deviations, with a mean 0 and standard 

deviation 1. The empirical reliability value of the 119 items within each of the teacher knowledge 

measures was .932 (upper elementary) and .941 (middle grades). The empirical reliability 

values for the 80-item CK and 39-item PCK measures respectively were 0.925 and 0.704 (upper 

elementary) and 0.930 and 0.752 (middle grades). 
Beliefs and Awareness Survey. In a study of teacher’s implementation of standards-

based reform, Ross et al. (2003) developed a survey composed of Likert-format items 

measuring teachers’ beliefs about mathematics teaching and learning. Since Ross at al. 

designed their instrument, educational assessment policies have shifted. Therefore, the 

research team re-worded many of the Ross et al. (2003) items and defined new items to reflect 

current dynamics in education. The final instrument included four items worded exactly as 

published by Ross et al. (2003) and four items modified from their survey. 

The resulting beliefs items spanned five categories of mathematics teaching and 

learning: (a) focus of mathematics classroom instruction; (b) how instruction should be ordered 

and how classroom and materials should be organized; (c) how students learn mathematics 

best; (d) the role of student in the mathematics classroom; and (e) the role of the teacher in the 

mathematics classroom.  

A literature review addressing students’ mathematical dispositions (Kilpatrick et. al., 
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2001) and identities (Martin, 2000) yielded three dimensions within which teachers’ awareness 

of their students varied: (a) awareness of students’ self-perceptions of mathematics ability, (b) 

awareness of students’ perceptions of the importance of mathematics, and (c) awareness of 

students’ motivations to perform in mathematical contexts. Ten Likert-format items were 

developed asking teachers to assess the degree to which they either had a sense of their 

students’ perceptions along these dimensions or gathered explicit information to determine 

student dispositions. 

An exploratory factor analysis was completed using 459 teachers’ responses on the 40-

item beliefs and awareness survey. Examination of the resulting scree plot yielded three factors. 

One factor reflected the belief that teachers should allow students to struggle or grapple with 

solving problems on their own before teacher intervention (Cronbach’s alpha of .662). The 

second factor reflected beliefs aligned with Battista’s “universal script” (2001, p. 43). This 

perspective holds that teachers should model activities and approaches followed by student 

practice, emphasizing incremental mastery of procedural skills prior to solving application 

problems (Cronbach’s alpha of .653). The third factor reflected the extent to which teachers 

claimed to know about their students’ mathematical dispositions, to take explicit actions to learn 

about their students’ mathematical dispositions, to highlight multiple approaches to solving a 

problem during instruction, and to include problems that have multiple solutions in their 

instruction (Cronbach’s alpha of .675). Figure 2 displays a sample of these items.  

Professional Background and Instructional Context Surveys. Two surveys were 

 

Factor:  Teacher Allowance for Student Struggle with Problems 
During mathematics class, students should be asked to solve problems and complete activities by relying 
on their own thinking without teachers modeling an approach. 

Students can figure out how to solve many mathematics problems without being told what to do. 

Factor:  Teacher Modeling for Incremental Mastery 

Students learn mathematics best by paying attention when their teacher demonstrates what to do, by 
asking questions if they do not understand, and then by practicing. 

Mathematics skills are mastered incrementally, so instruction should only focus on one skill at a time, 
ordered by difficulty, and not move on until most students have mastered that skill. 

Factor:  Teachers’ Claimed Awareness of their Students’ Mathematical Dispositions 
I learn about my students’ perceptions of what ‘doing mathematics’ means through explicitly asking them 
(e.g., students write about it, one-on-one discussions, group discussions).  

For the majority of my students, I have a good sense of their motivations for wanting to succeed in 
mathematics. 

I like to use mathematics problems that can be solved in many different ways. 

Figure 2:  Sample items from teacher perception (beliefs and awareness) instrument  
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created to gather information on the teachers’ professional background and instructional 

contexts. On the professional background survey, teachers provided information identifying their 

certification status and type, route to certification, education level, titles of completed 

mathematics content and mathematics education courses, and years of teaching experience. 

Teachers were asked to bring unofficial copies of their transcripts to the data collection site for 

personal reference when completing the section of the survey addressing course titles. 

Teachers noted their teaching assignments on the instructional context survey. 

Analysis  

A statistical analysis of the teacher-level and student-level data used hierarchical linear 

modeling (HLM) techniques because the data associated with students were nested within a 

teacher. Because the upper-elementary and middle-grades teachers had completed different  

teacher knowledge assessments, the analyses accessing the upper-elementary and middle-

grades data were completed separately. To merge the analysis across the three states, the 

individual upper-elementary and middle-grades student mathematics achievement scores, as 

measured on a state’s tests, were standardized by grade band within each state achievement 

data set; then the student data were standardized across the achievement data sets from all 

three states by grade band. Because computed Pearson’s correlation coefficients indicated that 

teachers’ CK and PCK scores were correlated (r = .676 for upper-elementary teachers’ scores, 

p < .001, and r = .741 for middle-grades teachers, p < .001), separate analyses accessing the 

CK and PCK data for each grade band were conducted. 

Because of a statistically significant correlation between student race/ethnicity and the 

poverty indicator, only one of these variables could be entered as a student identifier. Because 

“students living in poverty” was a characteristic across the school districts sampled in this study 

and because over 55% of this study’s students were accessing free-and-reduced meals, these 

HLM analyses used the indicator of poverty, rather than race/ethnicity, as a student-level 

variable. Because of the hierarchical structure of the data, a portion of the variance in students’ 

achievement scores can be attributed to a student’s teacher rather than to individual 

differences. The interclass correlation coefficient (ICC) measures the proportion of the total 

variance in students’ scores occurring between teachers rather than the variance in student 

scores within teachers. The ICC measures, resulting from the fully unconditional models, 

indicated that 30.8% of the variance in the upper-elementary scores and 37.5% of the variance 

in the middle-grades scores were associated with teacher assignment.  Because neither of 

these percentages was close to 0, the use of a two-level model for each analysis was 
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warranted. 

The student-level model for the upper-elementary and the middle-grades analyses 

included variables indicating gender, special-education status, poverty status, English-

language-learner status, and student’s standardized mathematics achievement score on the 

prior year’s state assessment. The prior achievement variable was group-mean centered and 

standardized by grade band with mean 0 and standard deviation 1. All remaining student-level 

variables were dichotomous indicators and centered on the grand mean. 

The teacher-level model for analysis of the upper-elementary and middle-grades data 

included variables associated with the teachers’ knowledge (either CK or PCK) and perceptions 

(Allow for Student Struggle, Model for Incremental Mastery, and Claimed Awareness of 

Students’ Mathematical Dispositions). Three Level 2 interaction variables were included to 

model the interactions between teachers’ knowledge and perceptions. Other teacher-level 

variables were years of teaching experience, an indicator of a special-education certification 

endorsement, and an indicator noting that a teacher taught an above-grade level curriculum to 

some students. The analysis of the upper-elementary data included an additional variable noting 

whether a teacher specialized in only teaching mathematics each day. 

Results Across Combined Maryland, Pennsylvania, and Delaware Data 

The tables that follow present findings from the CK and PCK analyses with the statistics 

for independent variables presented in each row. The results from the analyses accessing the 

upper-elementary data are in Table 3; results from the middle-grades analyses are in Table 4. 

For each grade band, six differing models are noted. Model 1 includes all student-level variables 

and a single, teacher content knowledge variable; Model 2 adds the teacher-level variables 

associated with the main effects for teachers’ beliefs and awareness. Model 3 presents the 

results from the final analyses that accessed teachers’ CK scores and the other main effects 

(regardless of whether or not they were statistically significant), including the variables 

associated with teachers’ professional background and instructional assignment and only those 

interaction terms that had statistically significant effects on achievement. Models 4 through 6 

presents results from three similar analytic models but, rather than accessing teachers’ CK 

scores, these columns report findings when the statistical models reflected teachers’ PCK 

scores. 

Upper-elementary Findings 

As reflected in Table 3, across the three states, there was a statistically significant 

relationship between the CK of elementary teachers and their students’ mathematics 

achievement, but only when other teacher-level controls were included in the analytic model  
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Table 3:  Effects of Upper-elementary Teachers’ Mathematical Content and Pedagogical Content Knowledge and Perceptions on Student 

Achievement  

  Unstandardized ß Coefficients (with Standard Errors)   Unstandardized ß Coefficients (with Standard Errors)  

  Model 1 Model 2 Model 3   Model 4 Model 5 Model 6  

Intercept -.057 (.035) -.058 (.035)† -.059 (.033)†  -.057 (.035) -.058 (.035)† -.059 (.033)†  

Student Variables         

 Female  .013 (.014)  .013 (.014)  .014 (.014)   .013 (.014)†  .013 (.014)  .014 (.014)  

 Special Education -.183 (.036)*** -.183 (.036)*** -.177 (.036)***  -.183 (.036)*** -.183 (.036)*** -.177 (.036)***  

 Poverty  -.087 (.018)*** -.087 (.018)*** -.087 (.018)***  -.087 (.018)*** -.087 (.018)*** -.087 (.018)***  

 English Language Learner -.049 (.038) -.048 (.039)  .047 (.039)  -.048 (.038) -.048 (.039)  .047 (.039)  

 Prior Student Math Achievement .716 (.014)*** .716 (.014)*** .716 (.014)***  .716 (.014)*** .716 (.014)*** .716 (.014)***  

Teacher Variables         

 Teacher Content Knowledge .034 (.033) .038 (.036) .071 (.033)*      

 Teacher Pedagogical Content Knowledge     .014 (.035) .017 (.039) .047 (.038)  

 Allow Student Struggle   .036 (.044) -.005 (.043)   .041 (.044) .002 (.043)  

 Model for Incremental Mastery  .003 (.038) .016 (.035)   -.002 (.039) .008 (.036)  

 Aware of Student Math Disposition  .066 (.037)† .064 (.033)†   .062 (.018)† .057 (.035)  

 Years of Teaching Experience   .033 (.021)    .039 (.021)†  

 Taught Above-Grade Math Curriculum   .320 (.079)***    .310 (.080)***  

 Only Taught Mathematics    .139 (.136)    .140 (.138)  

 Special Education Certification   -.191 (.096)*    -.175 (.094)†  

 Teacher Knowledge x Aware Student Disposition     .054 (.022)*       --   

  Variance in Student Achievement by Source   Variance in Student Achievement by Source   

Variance estimates         

 Student-level variance (s2) .316*** .316*** .316***  .316*** .316*** .316***  

 Teacher-level variance (t0β) .304 .303 .274  .305 .304 .278   

Reliability estimates (l) .950 .949 .944   .950 .950 .945  
†p < .10; *p < .05; **p < .01; ***p < .001 
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(Model 3). When determined by an analysis incorporating teacher-level controls, teachers who 

had higher CK scores had significantly higher student achievement (for every 1 standard 

deviation increase in teacher content knowledge, on average, expected student achievement on 

state assessments increased by 7% of a standard deviation).  

There was a statistically significant, positive interaction between upper-elementary 

teacher’s CK and their awareness of their students’ mathematical dispositions. In other words, 

those upper-elementary teachers with high CK scores who also scored highly on a survey 

measuring their perceived awareness of their students’ mathematical dispositions had higher 

student mathematics achievement than those who did not demonstrate this combination. 

However, as indicated in Models 4, 5, and 6 in Table 3, there was no relationship 

between upper-elementary teachers’ knowledge of mathematical pedagogy (PCK scores) and 

their students’ achievement on standardized state mathematics assessments. 

Those elementary teachers who taught students an above-grade-level mathematics 

curriculum had students with significantly higher student achievement scores than teachers who 

did not teach an above-grade-level mathematics curriculum (on average, 31-32% of a standard 

deviation higher achievement scores). Further, the separate analyses of the CK and PCK data 

each indicated that those upper-elementary teachers who held licensure for special education 

taught students who scored significantly lower on state achievement measures than did 

students of upper-elementary teachers who held only general elementary education certification 

(on average, 17.5-19% of a standard deviation lower student achievement). This finding held 

even after adjusting for the special education status of students across the entire sample. 

Middle-grades Findings 

As indicated in Table 4, there was a statistically significant relationship between the CK 

and PCK of middle-grades teachers and their students’ mathematics achievement with and 

without teacher control variables in the analytic model. Those teachers who had higher scores 

on the mathematics teacher knowledge assessments had significantly higher student 

achievement (for every 1 standard deviation increase in teachers’ mathematics CK and PCK, on 

average, student achievement on state assessments increased by 17-22% of a standard 

deviation). 

In addition, a statistically significant positive interaction was noted between middle-

grades teachers’ beliefs regarding modeling mathematical solutions and organizing instruction 

to support incremental mastery of skills and teachers’ CK and PCK scores (10% and 13.8% of 

standard deviation respectively). In other words, those middle-grades teachers’ with high CK or 

PCK scores who strongly held beliefs supporting modeling solutions with instruction organized 
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Table 4:  Effects of Middle-grades Teachers’ Mathematical Content and Pedagogical Content Knowledge and Perceptions on 

Student Achievement 

  Unstandardized ß Coefficients (with Standard Errors)   Unstandardized ß Coefficients (with Standard Errors)  

  Model 1 Model 2 Model 3   Model 4 Model 5 Model 6  

Intercept -.121 (.042)** -.121 (.042)** -.123 (.038)**  -.121 (.042)** -.121 (.042)** -.123 (.038)**  

Student Variables         

 Female .018 (.010)† .018 (.010)† .018 (.010)†  .018 (.010)† .018 (.010)† .018 (.010)†  

 Special Education -.136 (.028)*** -.135 (.028)*** -.131 (.028)***  -.136 (.028)*** -.135 (.028)*** - 131 (.028)***  

 Poverty  -.086 (.015)*** -.086 (.015)*** -.085 (.015)***  -.086 (.015)*** -.086 (.015)*** -.085 (.015)***  

 English Language Learner -.003 (.042) -.003 (.042) -.003 (.042)  -.004 (.042) -.004 (.042) -.003 (.042)  

 Prior Student Math Achievement .734 (.014)*** .734 (.014)*** .734 (.014)***  .734 (.014)*** .734 (.014)*** .734 (.014)***  

Teacher Variables         

 Teacher Content Knowledge .222 (.041)*** .210 (.045)*** .166 (.042)***      

 Teacher Pedagogical Content Knowledge     .221 (.042)*** .207 (.044)*** .180 (.039)***  

 Allow Student Struggle   .065 (.044) .068 (.041)   .058 (.042) .055 (.040)  

 Model for Incremental Mastery  .002 (.042) -.017 (.040)   .001 (.042) -.011 (.040)  

 Aware of Student Math Disposition  .010 (.040) .007 (.038)   .007 (.038) .011 (.036)  

 Years of Teaching Experience   .048 (.025)†    .049 (.024)*  

 Taught Above-Grade Math Curriculum   .226 (.082)**    .289(.078)**  

 Special Education Certification   -.393 (.094)***    -.399 (.093)***  

 Teacher Knowledge x Model Incremental Mastery   .102 (.046)*    .138(.052)**  

  Variance in Student Achievement by Source   Variance in Student Achievement by Source   

Variance estimates         

 Student-level variance (s2) .264*** .264*** .264***  .264*** .264*** .264***  

 Teacher-level variance (t0β) .320 .321 .273  .321 .323 .260   

Reliability estimates (l) .978 .978 .975  .978 .978 .973   

†p < .10; *p < .05; **p < .01; ***p < .001
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for incremental mastery had significantly higher student mathematics achievement than those 

teachers who did not demonstrate this combination. However, those middle-grades teachers 

with low CK or PCK scores who strongly held these beliefs had significantly lower student 

mathematics achievement, as compared to teachers with low CK and PCK scores who did not 

hold this belief. 

The separate analyses of the CK and PCK data each indicated that middle-grades 

teachers who taught students an above grade-level mathematics curriculum had students with 

significantly higher student achievement scores than teachers who did not teach an above-

grade-level mathematics curriculum (on average, 23-29% of a standard deviation higher 

achievement scores). As was indicated in the upper-elementary data, the separate analyses of 

the CK and PCK data each indicated that those middle-grades teachers who held licensure for 

special education taught students who scored significantly lower on state achievement 

measures (on average, 39-40% of a standard deviation lower student achievement) than did 

students of middle-grades teachers who held only certification identified for their grade level or 

content specialty (general elementary or middle or secondary mathematics). This finding held 

even after adjusting for the special education status of students. 

Post-hoc Middle-grades Analysis 

Because of the consistent, strong association between middle-grades teachers’ 

knowledge and the mathematics achievement of their students, post-hoc, least squares 

regression analyses examined the relationship between these teachers’ professional 

qualifications, teaching assignment, beliefs about teaching and learning mathematics, and their 

CK and PCK. The independent variables associated with teachers’ professional qualifications 

were: number of years of teaching experience beyond the first year; indicators of experience 

teaching mathematics in a high school, of endorsement as a certified teacher for the middle 

grades, of completion of a master’s degree, and of certification for special education; and 

number of semester credits earned in mathematics courses for teachers, earned in other 

mathematics courses sequenced prior to calculus, and earned in mathematics courses 

completed at the level of calculus or higher. The variables defining the number of course credits 

were standardized. 

The independent variables associated with the teachers’ instructional assignment 

included indicators of whether a teacher’s teaching assignment included teaching students an 

above-grade-level curriculum and whether a mathematics teacher only taught sixth-graders.  

As indicated in Table 5, those middle-grades teachers who had earned semester credits 

in mathematics at or above the level of calculus had significantly higher scores on both the CK
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Table 5: Relationship between Middle-Grades Teachers’ Knowledge and their Professional Qualifications, Instructional 

Assignment, and Beliefs 

  
Teachers CK:  

Coefficients (Standard Error)  
  Teachers’ PCK:  

Coefficients (Standard Error)  

     Model 1    Model 2  Model 1     Model 2  

Intercept .195 (.212) .136 (.198)  .334 (.251) .290 (.242)  

Teachers’ Professional Background and Experience       

 Years of Teaching Experience (Beyond First Year) -.044 (.038) -.022 (.036)  -.081 (.046)† -.060 (.044)  

  Experience Teaching High School Mathematics -146 (.215) -.131 (.201)  -.110 (.255) -.075 (.245)  

    Certified for Teaching in the Middle Grades -.140 (.222) -.189 (.207)  .008 (.263) -.042 (.253)  

 Earned Master’s Degree -.013 (.121) -.037 (.114)  .044 (.144) .015 (.139)  

 Certified for Special Education -.005 (.156) .070 (.146)  -.241 (.185) -.177 (.178)  

 Semester Credits Earned in Mathematics Courses for Teachers .060 (.061) .048 (.057)  .128 (.072)† .108 (.070)  

 Semester Credits in Other Math Courses Sequenced Prior to Calculus -.020 (.065) -.011 (.061)  -.001 (.078) -.002 (.075)  

 Semester Credits in Mathematics at or Above the Level of Calculus .484 (.069)*** .509 (.065)***  .223 (.082)** .233 (.079)**  

 Semester Credits in Mathematics Education .209 (.062)** .151 (.059)*  .191 (.073)* .127 (.072)†  

Teachers’ Instructional Assignment       

 Taught Mathematics only to Sixth Graders  -.416 (.134)** -.370 (.124)**  -.272 (.158)† -.227 (.152)  

 Taught Some Students Above-grade Math Curriculum .287 (.131)* .330 (.122)**  -.019 (.155) .011 (.149)  

Teachers’ Beliefs and Awareness        

 Allow Student Struggle  .061 (.055)   .141 (.067)*  

 Model Incremental Mastery  -.239 (.054)***   -.202 (.066)**  

 Aware of Student Mathematics Disposition  -.160 (.053)**   -.143 (.065)*  

Model Fit Statistics                                                                       R2 = .435  F = 12.659***      R2 = .521  F = 13.841***     R2 = .206  F = 4.265***     R2 = .285   F = 5.079***   
†p < .10; *p < .05; **p < .01; ***p < .001 
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tests and the PCK tests (48-51% of a standard deviation higher CK scores and 22-23% of a 

standard deviation higher PCK scores). Follow-up analyses of variance accessing middle- 

grades teachers’ data identified a statistically significant relationship between the number of 

courses at or above the level of calculus completed by teachers and their knowledge scores 

(CK: F(3,189) = 31.802, p < .001; PCK: F(3, 189) = 9.018, p < .001). Those middle-grades 

teachers who had semester credits for two or more mathematics courses at or above the level 

of calculus had significantly higher CK scores than did those teachers who had only one 

mathematics course at that level (p < .007). But there was no significant difference in CK scores 

between teachers who had completed two courses at or above the level of calculus and 

teachers who had completed three or more of those high-level courses. Teachers who had 

completed one or more courses at or above the level of calculus had significantly higher CK 

scores than did teachers who had no course credits at or that level (p < .001). Completing a 

single course at or above the level of calculus also had a statistically significant positive impact 

on teachers’ PCK scores (p ≤ .001), but this effect on PCK scores did not increase with the 

completion of additional advanced mathematics courses. 

There was also a statistically significant relationship between middle-grades teachers’ 

CK scores and the number of credits completed in mathematics education (15-21% of a 

standard deviation higher). A similar relationship between teachers’ PCK scores and completed 

credits in mathematics education was identified (19% of a standard deviation higher), but this 

relationship was statistically significant only when teachers’ perceptions were not included in the 

statistical model. 

Middle-grades teachers who believed that mathematics teachers should model 

mathematical solutions and organize their instruction to support students’ incremental mastery 

of skills scored significantly lower on the CK and PCK assessments than teachers who did not 

hold those beliefs (24% and 20% of a standard deviation respectively). Similarly, middle-grades 

teachers of mathematics who held that students should engage in the struggle of solving 

mathematics problems prior to teacher intervention had significantly higher PCK scores (14% of 

a standard deviation) as compared to teachers who did not hold those beliefs.  

Those middle-grades teachers who taught above-grade mathematics content to students 

had CK scores that were significantly higher than those of other middle-grades mathematics 

teachers (29-33% of a standard deviation higher CK scores). However, middle-grades teachers 

who only taught sixth graders in the middle school had significantly lower CK scores (37-42% of 

a standard deviation lower CK scores). This indicates that across the three states, middle-

grades teachers with stronger CK scores were being selected to teach above-grade-level 
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content to students and to teach the seventh- and eighth-grade mathematics courses. 

Results within the State of Delaware Only 

Of the 23 school districts in the study, 8 were located in Delaware, accessing 28 upper-

elementary teachers and 38 middle-grades teachers from Delaware. These teachers taught 

mathematics to 807 upper-elementary and 2,846 middle-grades students. This level of 

participation permitted an analysis of the data collected only in Delaware. However, the findings 

reported below must be viewed with caution, as the sampling system employed in this study did 

not randomly select school districts from within Delaware. Further, the power of the Delaware-

only analysis is lessened due to the limited number of participating teachers from Delaware, in 

 
Table 6:  Demographics and Professional Context of Participating Teachers from 

Delaware 

 Grade 4 or 5 Grades 6, 7 or 8 
Characterizations of Teachers (n = 28) (n = 38) 
Gender (%)   

Female 96.4 84.2 
Race-Ethnicity (%)   

White 85.7 84.2 
Black/African American 14.3 15.8 
Hispanic 0.0 0.0 
Asian, Asian-American, or Pacific Islander 0.0 0.0 
Others (Native American or Multi-racial) 0.0 0.0 

Certification/Highest Degree Earned (%)   
Not Certified 3.6 2.6 
Certified, Only Holding a Bachelor’s Degree 32.1 39.5 
Certified, and Subsequent Master’s Degree 17.9 26.3 
Certified Through a Master’s Degree Program 46.4 31.6 

Mean Number of Mathematics/Mathematics Education Courses   
Mathematics Courses 2.3 5.8 
Mathematics Education Courses 0.8 1.5 

Mean Years of Teaching Experience 3.5 3.9 
School District Location (%)   

Large City 0.0 0.0 
Suburb 50.0 60.5 
Mid-size or Small City 10.7 5.3 
Small Town or Rural 39.3 34.2 

Special Education Certification (%) 39.3 31.6 
Secondary Mathematics Certification (%) --- 78.9 
Only Taught Students in Grade 6 (%) --- 28.9 
Only Taught Mathematics (%) 0.0 81.6 
Taught Some Students an Above-Grade Mathematics Curriculum (%) 25.0 63.2 
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Table 7:  Demographics of Students from Delaware Taught by Participating Teachers 

 Grades 4 or 5 Grades 6, 7 or 8 

Characteristics of Students (n = 807) (n = 2,846) 

Gender (%)   
Female 51.4 50.0 

Race-Ethnicity (%)   
White 50.3 48.3 
Black/African American 23.3 24.8 
Hispanic 16.1 13.0 
Asian, Asian American or Pacific Islander 10.3 13.7 
Others (Native American or Multi-racial) 0.0 0.2 

Special Education Students (%) 20.9 12.0 
English Language Learners (%) 11.2 4.3 
Students with Poverty Indicator (%) 44.4 48.3 

  

contrast to the entire three-state sample. This lower sample size was due to two simultaneous 

occurrences:  the smaller size of school districts in Delaware, as contrasted to Maryland, and 

the somewhat more experienced teacher population in Delaware due to lower teacher turnover, 

compared to Maryland and Pennsylvania school districts. 

A comparative examination of Tables 1 and 6 reveals that there were proportionately 

more White teachers and female teachers in the Delaware sample, as contrasted to all 

participating teachers (85.7% White and 96.4% female versus 80.7% White and 86.9% female 

for the upper-elementary teachers; 84.2% White and 84.2% female versus 75% White and 

78.3% female for the middle-grades teachers). Contrasted to the full sample, the participating 

teachers from Delaware had stronger professional qualifications as there was a somewhat 

smaller percentage of upper-elementary and middle-grades teachers in Delaware who were not 

fully certified and a larger percentage of Delaware teachers who had earned a Master’s degree, 

compared to the total sample of participating teachers. In addition, there was a larger 

representation of teachers certified for secondary mathematics in the Delaware sample, as 

contrasted to the entire set of participating middle-grade teachers. Teachers in the Delaware 

sample were more likely to be teaching in suburban or small town/rural school districts, with 

proportionately more of the Delaware middle-grades teachers teaching only mathematics. 

As contrasted to the entire student data source, the student achievement data source 

from Delaware reflected a smaller percentage of African American children and a larger 

percentage of White children and of Asian/Asian American or Pacific Islanders. (See Tables 2 

and 7.) The accessed Delaware upper-elementary student achievement data were drawn from a 

somewhat larger percentage of English Language Learners when compared to the study’s 



 22 

entire upper-elementary student data source, with a somewhat smaller percentage of students 

from Delaware accessing free-and-reduced meals. 

Upper-elementary Findings 

As reflected in Table 8, there was no statistically significant relationship between the CK 

and PCK of upper-elementary teachers from Delaware and their students’ mathematics 

achievement, regardless of the teacher-level variables in the analytic model. Unlike the findings  

across the three states, there was no statistically significant interaction between the Delaware 

upper-elementary teacher’s CK and their awareness of their students’ mathematical 

dispositions.  

In contrast to the finding noted across the three states, the mathematics achievement 

scores of students in Delaware whose teachers taught them an above-grade-level mathematics 

curriculum were not significantly higher than the scores of Delaware students whose teachers 

did not teach them an above-grade-level mathematics curriculum. Unlike the findings across the 

three states, upper-elementary students in Delaware whose teachers held licensure for special 

education had state achievement scores comparable to those of students of upper-elementary 

teachers who held only general elementary education certification. This could reflect a larger 

percentage of dual certified (general elementary education licensure and special education 

licensure) upper-elementary teachers in Delaware.  

Middle-grades Findings 

 As indicated in Table 9, there was a statistically significant relationship between the CK 

of middle-grades teachers in Delaware and their students’ mathematics achievement, but only 

when teacher control variables addressing teaching experience and student access to an 

above-grade-level mathematics curriculum were not included in the analytic model. Those 

teachers who had higher scores on the teacher content knowledge assessments had 

significantly higher student achievement (for every 1 standard deviation increase in teachers’ 

mathematics CK, on average, student achievement on Delaware’s state assessments increased 

by 29-30% of a standard deviation). The Delaware middle-grades teachers’ PCK also positively 

influenced student achievement as measured by state assessments when there were no other 

teacher-level controls in the analytic model (22% of a standard deviation higher student 

achievement scores).  

Unlike the findings for the upper-elementary teachers in Delaware, the separate 

analyses of the CK and PCK data each indicated that those middle-grades teachers in 

Delaware who taught students an above-grade level mathematics curriculum had students who 

scored significantly higher on state achievement measures (on average, 42-53% of a standard 
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Table 8:  Effects of Upper-elementary Teachers’ Mathematical Content and Pedagogical Content Knowledge and Perceptions on Student 

Achievement (Delaware Teachers Only)  

  Unstandardized ß Coefficients (with Standard Errors)   Unstandardized ß Coefficients (with Standard Errors)  

  Model 1 Model 2 Model 3   Model 4 Model 5 Model 6  

Intercept -.131 (.109) -.131 (.107) -.132 (.098)  -.131 (.109) -.131 (.107) -.132 (.098)  

Student Variables         

 Female  .031 (.034)  .031 (.034)  .032 (.034)   .031 (.034)  .031 (.034)  .032 (.034)  

 Special Education -.021(.048) -.021 (.048) -.016 (.047)  -.021 (.048) -.021 (.048) -.015 (.048)  

 Poverty  -.035 (.042) -.034 (.042) -.034 (.041)  -.035 (.042) -.033 (.042) -.034 (.041)  

 English Language Learner -.156 (.099) -.158 (.102) -.154 (.102)  -.156 (.099) -.157 (.101)  -.153 (.101)  

 Prior Student Math Achievement .806 (.034)*** .806 (.034)*** .807 (.034)***  .806 (.034)*** .806 (.034)*** .807 (.034)***  

Teacher Variables         

 Teacher Content Knowledge -.004 (.085) -.030 (.090) .129 (.121)      

 Teacher Pedagogical Content Knowledge     .013 (.087) .021 (.097) .110 (.100)  

 Allow Student Struggle   .049 (.122) .138 (.141)   .039 (.116) .148 (.150)  

 Model for Incremental Mastery  .105 (.126) .056 (.109)   .107 (.131) .086 (.105)  

 Aware of Student Math Disposition  -.029 (.098) .050 (.109)   -.016 (.101) .046 (.112)  

 Years of Teaching Experience   -.132 (.069)†    -.126 (.070)†  

 Taught Above-Grade Math Curriculum   -.235 (.227)    -.228 (.224)  

 Special Education Certification   -.428 (.233)    -.353 (.194)†  

  Variance in Student Achievement by Source   Variance in Student Achievement by Source   

Variance estimates         

 Student-level variance (s2) .228*** .228*** .228***  .228*** .228*** .228***  

 Teacher-level variance (t0β) .368 .368 .368  .369 .369 .369   

†p < .10; *p < .05; **p < .01; ***p < .001  
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Table 9:  Effects of Middle-grades Teachers’ Mathematical Content and Pedagogical Content Knowledge and Perceptions on 

Student Achievement (Delaware Teachers Only) 

  Unstandardized ß Coefficients (with Standard Errors)   Unstandardized ß Coefficients (with Standard Errors)  

  Model 1 Model 2 Model 3   Model 4 Model 5 Model 6  

Intercept -.145 (.085)† -.145 (.085)† -.146 (.076)†  -.145 (.091) -.145 (.091) -.146 (.079)†  

Student Variables         

 Female -.026 (.022) -.026 (.022) -.026 (.022)  -.026 (.022) -.026 (.022) -.026 (.022)  

 Special Education -.034 (.036) -.034 (.036) -.033 (.036)  -.034 (.036) -.033(.036) -.033 (.036)  

 Poverty  -.029 (.023) -.028 (.023) -.028 (.023)  -.029 (.023) -.029 (.023) -.029 (.023)  

 English Language Learner -.006 (.066)  -.006 (.066) -.006 (.066)  -.006 (.066) -.006 (.066) -.006 (.066)  

 Prior Student Math Achievement .819 (.016)*** .819 (.016)*** .819 (.016)***  .819 (.016)*** .819 (.016)*** .819 (.016)***  

Teacher Variables         

 Teacher Content Knowledge .305 (.087)** .289 (.100)** .218 (.110)†      

 Teacher Pedagogical Content Knowledge     .223 (.092)* .182 (.121) .125 (.118)  

 Allow Student Struggle   .067 (.100) .087 (.096)   .037 (.124) .078 (.120)  

 Model for Incremental Mastery  .020 (.099) .030 (.095)   -.004 (.098) .023 (.092)  

 Aware of Student Math Disposition  -.026 (.093) -.033 (.087)   -.057 (.090) -.047 (.080)  

 Years of Teaching Experience   .047 (.055)    .025 (.053)  

 Taught Above-Grade Math Curriculum   .421 (.187)*    .530 (.184)**  

 Special Education Certification   -.044 (.193)    -.136 (.191)  

  Variance in Student Achievement by Source   Variance in Student Achievement by Source   

Variance estimates         

 Student-level variance (s2) .232*** .232*** .232***  .232*** .232*** .232***  

 Teacher-level variance (t0β) .275 .275 .275  .290 .290 .283   
†p < .10; *p < .05; **p < .01; ***p < .001 
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deviation higher student achievement) compared to the students of middle-grades teachers who 

only taught an on-grade-level mathematics curriculum. 

Post-hoc Middle-grades Analysis 

As indicated in Table 10, contrary to the findings of the three-state analyses, neither the 

CK nor the PCK of middle-grades mathematics teachers in Delaware were significantly 

influenced by the level of mathematics content courses that they had completed nor by their 

number of semester credits in mathematics methods. Subsequent analyses of variance 

accessing the CK and PCK scores of middle-grades teachers in Delaware examined the 

influence of the number of high-level mathematics courses completed by teachers, as 64% of 

the middle-grades teachers in Delaware had completed at least one course at or above the level 

of calculus. These analyses determined that the number of courses completed at or above the 

level of calculus significantly impacted Delaware teachers’ CK scores and PCK scores. (CK: 

F(3,35) = 7.720, p < .001; PCK: F(3, 35) = 5.639, p = .003). Contrasts indicated that the 

statistically significant positive impact on Delaware middle-grades teachers’ CK and PCK scores 

was due to completion of two or more courses at or above the level of calculus. Completion of 

only one course at or above the level of calculus did not impact teachers’ CK or PCK scores. 

This level of mathematical expertise (two or more high-level courses) was held by 49% of the 

sampled middle-grades mathematics teachers in Delaware. 

In contrast to the findings identified in the analysis of data from all three states, the 

beliefs about mathematics teaching and learning held by the middle-grades teachers in 

Delaware were not significantly related to either their CK or PCK scores with one exception. 

Middle-grades teachers who claimed an awareness of and support for their students’ 

mathematical dispositions had significantly lower PCK scores. 

Implications 

An important finding that emerged from the analysis of data collected across Maryland, 

Pennsylvania, and Delaware is that teacher knowledge matters, and, for mathematics, this is 

particularly true in the middle grades. While statistically significant across the three states, the 

size of the effect of upper-elementary teachers’ mathematical content knowledge on student 

achievement was not particularly large and was only evident with other teacher-level variables 

were in the analytic model. This may indicate that other teacher, classroom, or school factors 

not measured or controlled by the models employed in this study are influencing student 

achievement on standardized mathematics assessments in the upper-elementary grades. In 

contrast, the strength of the effect sizes in this study’s middle-grades findings across the three   

states and in the Delaware-only analysis argues that efforts to raise student mathematics 
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Table 10: Relationship between Middle-Grades Teachers’ Knowledge and their Professional Qualifications, Instructional 

Assignment, and Beliefs (Delaware Teachers Only)   

  
Teachers CK:  

Coefficients (Standard Error)    Teachers’ PCK:  
Coefficients (Standard Error)  

     Model 1    Model 2  Model 1     Model 2  

Intercept -1.460 (1.167) -1.233 (1.285)  -.955 (1.209) -.252 (1.156)  

Teachers’ Professional Background and Experience       

 Years of Teaching Experience (Beyond First Year) -.056 (.101) .049 (.108)  -.001(.105) -.012 (.097)  

  Experience Teaching High School Mathematics -.142 (.486) -.031 (.509)  .207 (.503) .495 (.458)  

    Certified for Teaching in the Middle Grades 1.678 (1.104) 1.423 (1.196)  -1.150 (1.144) .398 (1.077)  

 Earned Master’s Degree -.191 (.377) -.187 (.398)  .182 (.391) .250 (.358)  

 Certified for Special Education .575 (.376) -.466 (.406)  -.358 (.390) -.218 (.365)  

 Semester Credits Earned in Mathematics Courses for Teachers .018 (.170) .058 (.229)  .289 (.176) .365 (.207)†  

 Semester Credits in Other Math Courses Sequenced Prior to Calculus .161 (.213) .119 (.222)  .125 (.221) .013 (.200)  

 Semester Credits in Mathematics at or Above the Level of Calculus .148 (.212) .138 (.218)  .073 (.219) .048 (.196)  

 Semester Credits in Mathematics Education .143 (.185) .127 (.192)  .121 (.192) .118 (.173)  

Teachers’ Instructional Assignment       

 Taught Mathematics only to Sixth Graders  -.219 (.349) -.298 (.411)  -.661 (.361)† -.734 (.370)†  

 Taught Some Students Above-grade Math Curriculum .573 (.329) † .529 (.340)  .015 (.341) -.053 (.306)  

Teachers’ Beliefs and Awareness        

 Allow Student Struggle  .006 (.174)   .129 (.157)  

 Model Incremental Mastery  -.136 (.178)   -.173 (.158)  

 Aware of Student Mathematics Disposition  -.156 (.177)   -.342 (.160)*  

Model Fit Statistics                                                                          R2 = .527  F = 2.730*     R2 = .565  F = 2.223*    R2 = .492  F = 2.376*   R2 = .647  F = 3.144**           
†p < .10; *p < .05; **p < .01; ***p < .001 

 



 27 

achievement in the middle grades will be hampered as long as middle-grades mathematics 

teachers’ mathematical content and pedagogical knowledge remains constant.   

The total study’s findings describing how teachers’ beliefs and perceptions interact with 

their mathematical content and pedagogical knowledge to influence student achievement 

argues that mathematics teachers draw on a range of cognitive and affective resources when 

they teach. This cross-state analysis indicates that in the upper-elementary grades, particularly 

with more knowledgeable teachers, student achievement in mathematics is related to teachers’ 

claimed awareness of their students’ mathematical dispositions, implying that knowledgeable 

teachers whose pedagogical practices support and encourage their students to see themselves 

as learners who “think, negotiate, and understand” mathematics (Boaler & Greeno, 2000, p. 

190) will be more effective. Although this relationship was not evident when only data from 

Delaware were considered, the power of the Delaware analysis was limited due to sample size 

as only 28 upper-elementary teachers in the study were from Delaware.   

The cross-state analysis noted that higher student achievement occurred when middle-

grades teachers had strong content knowledge and espoused beliefs supporting an instructional 

approach that first addresses mastery of procedural skills prior to consideration of application 

problems. However, these instructional beliefs were most likely held not by middle-grades 

teachers with strong teacher knowledge but by middle-grades teachers with low CK scores. 

Together these cross-state findings imply that emphasis on mathematical procedure and limiting 

an instructional routine to a sequential demonstrate/model-guided practice-independent practice 

routine may not compensate for a middle-grades teacher’s weak understanding of mathematics 

content or pedagogy. Thus there was no evidence identified supporting the expedient solution of 

addressing student achievement by focusing on procedures or even scripting procedurally 

focused lessons for weaker middle-grades teachers. 

When only data from Delaware were considered, connections between middle-grades 

teachers’ knowledge (content and pedagogical) and their beliefs about mathematics teaching 

and learning were not identified with one exception. Middle-grades teachers from Delaware who 

claimed to be aware of or to support their students’ mathematical dispositions had lower PCK 

scores. Whether this was due to limited statistical power in the Delaware-only analysis or to 

differences in the Delaware data is unknown. 

Concentrated efforts to deepen teachers’ mathematical content and pedagogical 

knowledge (in both teacher education programs and professional development offerings) may 

yield significant increases in student achievement. Investments by school districts in 

professional learning opportunities focused on both mathematics content and pedagogical 
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content may prove to be a productive, meaningful use of resources if that professional 

development is targeted toward understanding mathematics content and developing 

instructional strategies directly related to the content that teachers are responsible for teaching. 

These findings suggest that teachers’ beliefs about mathematics teaching and learning as well 

as teachers’ knowledge do matter. Professional learning opportunities that do not explicitly 

attend to and acknowledge teachers’ mathematical understandings as well as their beliefs about 

mathematics teaching and learning may miss valuable opportunities to encourage shifts not only 

in teachers’ beliefs and perceptions, but also in teachers’ knowledge and the achievement of 

their students.  
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